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In this paper we obtain a Radon-Nikodym theorem for positive linear 
functionals on a B*-algebra M. Some corollaries analogous to those obtained 
in the classical case are also obtained here. It is known that if X is a Banach 
space, then the space L,(Q, X) of Bochner integrable functions on a probability 
space 8 with values in X is the completion (in a suitable topology) of the 
tensor product L,(Q) @ X. Using our theorem, it is possible to extend this 
result for certain linear mappings from M @ X to X. 
1. INTRODUCTION 
Ever since the inception of noncommutative integration theory the Radon- 
Nikodym theorem has been extended to an abstract setting by many authors. 
See, for example, [5], [6], [7], and [IO]. In these extended theorems an integral 
on a function space is replaced by a positive linear functional on an abstract 
algebra, usually a W*-algebra. A suitable definition of one such functional 
being absolutely continuous with respect to a second one is then made and a 
representation of one of the functionals in terms of the other one is derived. 
In this work we obtain such a result for positive linear functionals on a B*- 
algebra (Theorem 1). This generalizes a result of de Korvin and Easton [2]. 
We then obtain some corollaries which are analogs to familiar corollaries of 
the classical Radon-Nikodym theorem. 
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Let L,(Q, X) be the space of Bochner integrable functions on a probability 
space Sz with values in a Banach space X. In [I] Umegaki and Bharucha- 
Reid consider linear mappings on L,(Q, X) with values in X and construct 
expectation mappings associated with these functions. They use the fact that 
L,(Q, X) is the completion (in a suitable topology) of the tensor product 
L,(Q) @ X. Using Theorem 1, we extend this result for certain linear map- 
pings from hf @ X to X, where M is a B*-algebra. 
2. DEFINITIONS, NOTATIONS, AND PRELIMINARIES 
For the general theory of B*-algebras, see C. Rickart [8]; for elementary 
facts on Hilbert algebras, see J. Dixmier [3]. Throughout we suppose that N 
is a sub-B*-algebra of a B*-algebra M with identity. 
A positive linear functional p on ICI is said to be faithful on a subset S of M 
if whenever y E S and p(y *y) = 0, then y = 0. A collection (p,> of positive 
linear functionals on M is said to be complete on a subset S of M if whenever 
y E S and pll(y *y) = 0 for all 01, then y = 0. 
A functional p on M is said to diagonahke the subset S of M if 
p(mn) = p(nm) for all m E M and n E S. 
The center of N is the set {x E N ) xn = nx for all n E N}. 
If q is a projection in the center of N, then the set N, = (qnq ] n E N} is a 
sub-*-algebra of N. 
We now give a lemma from [2] which we will use. 
LEMMA. Let q be a projection in the center of N. Suppose that p is a positive 
linear functional on M which satisfies the following conditions: 
(a) p diagonalizes N 
(b) p is faithful on N, 
(c) There is a constant R > 0 such that p(x*xy*y) < hp(x*x) p(y*y) 
for all x E N and y E N. 
Then N, forms a Hilbert algebra under the inner product (a, b) = p(ab*). 
We denote the completion of N, in this inner product by m, . We denote 
the norm derived from this inner product by 11 *]Ja . Note that NQ is not 
necessarily contained in M. But the multiplication and involution operator of 
M can be extended to mQ . For from (a) and (c) of the lemma, multiplication 
is jointly continuous in the 11 . lip topology. It is easy to see also that the involu- 
tion operator is an isometry on N, for this norm and so extends to an isometry 
on No. 
It is also easy to verify that p extends to m, and is also faithful on mp . 
409/42/I-8 
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3. THE MAIN RESULT 
Suppose that p and u are two positive linear functionals on M. 
THEOREM 1. Suppose that p and q are as in the lemma. In addition suppose 
that there is a constant K > 0 such that ,(x*x) < Kp(x*x) for all x E M. 
Then there is a mapping @from M to nq such that 
(a) u(ax) = p(a@(x)) for all a EN, and x E M; 
(b) @ is linear ; 
(c) @(bx) = b@(x) for all b E N, and x E M; if also o diagonaliaes N, 
then 
(d) @ is adjoint preserving ; 
(e) The mapping @ is unique in the sense that any other mapping from M 
to N, with the above four properties is equal to CD. 
Proof. Let x be a self-adjoint element of M. Define a bilinear Hermitian 
form on N, by [a, b] = o(ab*x). Then [,] is a bounded form on (N, , I] * 11,) 
since 
l[a, b]/ = j o(ab*x)] < (o((ab*)* ab*))1/2 (u(x*x))~/~ 
< (Kp((ab*)* ab*))1’2 (Kp(x*x))l12 
= K(p(ba*ab*))1/2 (p(x*~))~‘~ = K(p(a*ab*b))‘l” (p(x*x))‘l” 
< K(hp(a*a) p(b*b))ll” (p(x*x))‘l” = K’ 11 a IIQ )I b lip 
where 
K’ = K(hp(x*~))~l”. 
The first inequality in the above steps arises from the Cauchy-Schwartz 
inequality for positive linear functionals on a B*-algebra. The other steps 
follow from the assumptions in the theorem. 
Thus [,] can be extended to a bounded bilinear form on NQ and by the 
Riesz representation theorem there is a bounded linear map Q(x) from NQ 
into Ng such that [a, b] = (a(x) (a), b) for all a, b E NQ . As in the proof of the 
main result of [2], the map Q(x) is a left multiplication by an element of nU. 
Denoting this element by Q(x), we have 
[a, b] = (O(x) a, 6) = p(@(x) ab*) = p(ab*@(x)), 
for all a, b E sa . Letting b = q, the identity for mQ , we have U(U.X) = p(a!D(x)), 
for all aENg. 
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This holds for any self-adjoint x in M. But since each element in M is of 
the form y + iz where y and x are self-adjoint, we can extend @ to all of M 
by linearity so that @(y + AX) = Q(y) + i@(z). 
Thus the map CD from M to m, satisfies (a). 
To show that @ satisfies (c), we have that 
a(a(bx)) = p(a@(bx)) 
u((ab) x) = p(ub@(x)). 
Thus, p(a[@(bx) - b@(r)] = 0 for all amp . The element in brackets is in Nq 
and so letting Q = [@(bx) - b@(x)]*, we have that p(aa*) = 0. But then 
a = 0 since p is faithful on m, . The proofs of (b), (d), and (e) are similar 
to the proof of (c) in that they use the faithfulness of p on mq. 1 
We observe that the condition that ,(X*X) < &(X*X) is analogous to the 
condition that one measure is absolutely continuous with respect to a second 
one. One can then think of the map CD as the abstract Radon-Nikodym 
derivative of a with respect to p. 
It is easy to see that CJ is continuous for the norm topology on M and the 
weak topology of the Hilbert space NQ. 
We now give some corollaries of Theorem 1. 
COROLLARY 1. If Q(q) = q, then @ restricted to N, is the identity on N, . 
Proof. If x E N, , then from (c) of Theorem 1 we have that 
@p(x) = @(xq) = x@(q) = xq = x. 1 
The following corollary is the analog of a “change of variable” theorem in 
[4], (Lemma 8, p. 182). 
COROLLARY 2. Suppose M and M’ are two B*-algebras and suppose p and 
p’ are positive linear functionuls on M and M’, respectively. If T is a positive 
linear adjoint-preserving mapping from M into M’, then p’ 0 T is a positive 
linear functional on M. If the pair p and a = p’ 0 T satisfy the hypothesis of 
Theorem 1, then there is a map @from M into N, such that 
forallaEN,andxEM. 
Proof. It is easily verified that p’ 0 T is a positive linear functional on M. 
The existence of the map CD with the desired property is then immediate from 
Theorem 1. 1 
114 ALb,CHENEy,AND DEKORVIN 
The last corollary gives a condition when a collection of abstract Radon- 
Nikodym derivatives forms a complete set. 
Suppose that 6’Z is an indexing set. Suppose that for every LYE 67, qE is a 
projection in the center of N and pa and u, are positive linear functionals on M. 
If each pair (pll , UJ satisfies the hypothesis of Theorem 1 with q replaced by 
qa , then we obtain a collection {Da} of abstract Radon-Nikodym derivatives. 
We assume that for every x E N, sup&xq,) exists and equals X. This will 
be the case, for example, when M is an AW*-algebra, the projections q. are 
mutually orthogonal and have supremum equal to the identity of M. 
COROLLARY 3. Suppose that the set {qol} is as above. Suppose also that for 
each 01, ua is faithful on N, and diagonalizes N. Then the collection (CD=,) is a 
complete set on N. That is, if x E N and @Jx*x) = 0 for every a!, then x = 0. 
Proof. Suppose that x E N and @Jx*x) = 0 for every (Y. Then 
aJax*x) = p&a@(x*x)) = 0 for all a E lVua . 
Letting a = qa , 
0 = u,(q,x*x) = u,(q,q,*x*x) = u,(q,*x*2cp,) = u,((xq,)* xqJ. 
Thus, xq, = 0 since xqa E Na, and a, is faithful on NC, . Thus, 
stp(xq,) = 0 = x. 1 
4. TENSOR PRODUCTS OF BANACH SPACES 
For our definition of the tensor product of two vector spaces, see H. H. 
Schaeffer [9]. We review here just a few basic notions. 
Let X and Y be two topological vector spaces and let g(X, Y) be the space 
of complex-valued continuous bilinear forms on X x Y. For each pair 
(x, y) E X x Y, define a complex-valued linear function x @ y on 23(X, Y) 
by x 0 Af 1 = f (x, Y). Th en x @ y is a continuous linear map on a(X, Y), 
endowed with the norm topology. The tensor product of X and Y, denoted 
by X @ Y, is the linear hull of the set {x @ y 1 (x, y) E X x Y} in the topo- 
logical dual of @(X, Y). Every element in X @ Y is of the form 
gdBYi, (Xi,Yi)“X x Y. 
An element in X @ Y may have more than one representation as such a 
sum. 
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If X and Y are normed vector spaces, then X @ Y can be endowed with a 
special norm topology, called the projective topology on X @ Y. For 
w E X @ Y, we define this norm as 
Ii wlig = inf 12 il xi II II yi II 1 w = f xi @.Yil . 
i=l t=1 
It is easy to see that Ij x @y I/$ = I( x (111 y jl . 
Suppose now that M is a B*-algebra, X is a Banach space, and p is a 
positive linear functional on M. We define a map jj on M @ X by 
It is easy to see that jj is a well-defined linear mapping from M @ X to X. 
It is also easy to verify that j is continuous and that 11 p 11 < I/ p 11 . 
We can define multiplication between elements of M and M @ X as 
follows: if a E M and 
define 
$ xi@ytEM@X, 
i-1 
It is routine to verify that this operation is well-defined. 
Now suppose that p, 0, and q are as in Theorem 1. The map C? is defined 
in the same manner as j?. Suppose @ is norm continuous. 
THEOREM 2. With p and u as above, there is a unique map @from M @ X 
into R, @ X such that 
C(aw) = ji(aCf(w)) 
forallaEm,andwEM@X. 
Proof. Let 
Then 
w = f Xi@Yi. 
i-1 
e(aw) = ,$ u(axi) Yi = ,zl P(a@(xO) Yi = P (,gl ta@Cxi) 0 Yi) 
= P (a gl @lxi> 0 Yi) - 
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Thus, if we define 
then we have 
forallaENgandwEM@X. 
We show now that @ is well defined. Let 
For /r in g(N*, X) define k’ in B(M, X) by h’(x, y) = A(@@), y). The map 
h’ is in .SY(M, X) since 0 is assumed to be norm continuous. Thus, 
i wqx,), YJ = z1 wP(xil Yi’h 
i=l 
(jJ @(xi> C3 yi) lh) = (gl @Cxi'> 09;) CA)* 
i=l 
Thus, 
We now prove the uniqueness of CD’. Suppose 4 is another map from 
M @ X to nQ @ X such that E(uw) = p’(&(w)) for all a EN* and w E M @I X. 
Then jj(u@‘(w)) = p(a#(w)). Thus, ~(a[@‘(~) - 4(w)]) = 0. If we let 
P(w) - 3)(w) = w’, then w’ E Ng @ X and we wish to show w’ = 0. 
We now use the fact that w’ has a representation C,“=, xi @ yi , where {xi} 
is a linearly independent set in NQ and {y,} is a linearly independent set in X. 
(See [9, p. 921.) 
Thus, p(UW’) = 0 = zF=r p(Ui)yi . B y the linear independence of 
{Yi> P(axi) = 0 f or every i. This holds true for every a ~fl~. In particular, 
for every i we let a = xi* and obtain that p(xi*xi) = 0 for every i. But since p 
is faithful on NQ, xi = 0 for every i and so w’ = 0. 1 
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It is easy to see that @’ is linear. We show that @’ is continuous for the 
projective topology on both range and domain of Qi’. For w E M @ X, we 
have 
d inf [f I/ @(xi)11 I( yi Ii j w = f xi @rj . 
i=l i=l 
The inequality arises from the fact that if w = Cyz, xt @ yi , then one 
possible representation for Q’(w) is ~~=I @(xl) @ yi . Thus the second infi- 
mum is over a smaller set than the first. But we also have that 
Thus, 
This theorem can be considered as an abstract Radon-Nikodym theorem 
for vector-valued functionals. 
The map CD’ has some properties similar to those of @, which we now 
show. 
COROLLARY 4. The map @’ of Theorem 2 has the following properties: 
(a) a@‘(w) = @‘(aw) for all a E N, and w E M @I X; 
If @(q) = 4, 
(b) the map CD’ restricted to N, @ X is the identity on N, @ X. 
Proof. For (a), if 
W = f, X.j@yi, 
i=l 
then 
W(aw) = @’ 2 = i @(axi) @ yi = i (a@(xJ) @ yi 
i=l i=l i=l 
= a (fl@(%) @Yi) = a@’ (glXi 0 yi) = a@(w). 
Property (b) is proved similarly. 1 
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Recalling the introduction, we note that L,(Q, X) is the completion of 
&(Q) @ X endowed with the projective topology. To extend the result of 
Umegaki and Bharucha-Reid [l], we consider the completion of M @ X 
in the projective topology. 
We denote the completion of M @ X by ICI @ X. The map CD’, being a 
(uniformly) continuous linear map, can be extended to a continuous linear 
map from M @ X to N, & X. Also, p and 6 extend to continuous linear maps 
on M @ X into X since they are both continuous for the projective topology 
on M @ X. Likewise, the operation of multiplication on M x (M @ X) 
can be extended to M x (M a X). Thus, the equality 
6(aw) = #qa@yw)) 
extends for all a E N, and w E M @ X. We denote the extension of 0’ again 
by @‘. 
The extension @’ has properties similar to those of the original @‘. We state 
these in the following proposition whose proof is easy to verify. 
PROPOSITION 1. The extended map @’ has the following properties: 
(a) a@‘(w) = @(am) for all a E N, and w E M a X; 
(b) The map CD’ is unique in the following sense: if # is another (unijbrmZy) 
continuous linear map from M @ X to NC @X such that E(aw) =,5(4(x)) 
for all a E N, and w E M a X and such that #(M @ X) C NG @ X, then 
* = CD’. 
REFERENCES 
1. A. BHARUCHA-REID AND H. UMEGAKI, Banach space-valued random variables 
and tensor products of Banach spaces, J. Math. Anal. &PI. 31 (1970), 49-67. 
2. A. DE KORVIN AND R. EASTON, Expectations on B*-algebras, /. R&e Angeur. 
Math., to be published. 
3. J. DIXMIER, “Les Alghbres d’OpCrateurs dans 1’Espace Hilbertien,” 2nd Edition, 
Gauthier-Villars, Paris, 1969. 
4. N. DUNFORD AND J. SCHWARTZ, “Linear Operators,” Part I, John Wiley and Sons, 
New York, 1958. 
5. H. DYE, The Radon-Nikodym theorem for rings of operators, Trans. Amer. 
Math. Sot. 72 (1952) 243-280. 
6. M. NAILAMURA AND Z. TAKEDA, The Radon-Nikodym theorem of traces for a 
certain operator algebra, Tohoku Math. J. 4 (1952), 275-283. 
7. L. PUKANSKY, The theorem of Radon-Nikodym in operator rings, Actu Sci. 
Math. (Szegd.) 15 (1954), 149-156. 
8. C. E. RICKART, “General Theory of Banach Algebras,” Van Nostrand, New 
York, 1960. 
9. H. H. SCHAEFFER, “Topological Vector Spaces,” Macmillan, New York, 1966. 
10. I. SEGAL, A non-commutative extension of abstract integration, Ann. of Math. 57 
(1953) 401-457. 
